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THE g-RACAH-KRALL-TYPE POLYNOMIALS 

R. ALVAREZ-NODARSE AND R. SEVINIK ADIGUZEL 

Abstract. In this paper the Krall-type polynomials obtained via the addition of two 
mass points to the weight function of the standard g-Racah polynomials are introduced. 
Several algebraic properties of these polynomials are obtained and some of their limit 
cases are discussed. 



o 

CN ■ 1. Introduction 

C^ \ In the last decades the study of the discrete analogues of the classical special functions 



and, in particular, the orthogonal polynomials, has received an increasing interest (for a 
review see [U [TUl [H] ) . Special emphasis was given to the (/-analogues of the orthogonal 
polynomials or ^-polynomials, which are closely related with different topics in other fields 
of actual science: Mathematics and Physics (see e.g., O HI [TH [T71 [TB] and references 

■^ I therein). One of the possible extensions of the classical polynomials are the so-called 

\^ • Krall-type polynomials. 

fH ■ The Krall-type polynomials are polynomials which are orthogonal with respect to a 

linear functional u obtained from a quasi-definite functional u : P i— >■ C (P, denotes the 
space of complex polynomials with complex coefficients) via the addition of delta Dirac 
measures. In the last years the study of such polynomials have attracted an increasing 
interest with a special emphasis on the case when the starting functional u is a classical 
continuous, discrete or q linear functional (for more details see [7] and references therein). 

f-->. I These kind of polynomials appear as eigenfunctions of a fourth order linear differential 

CN ■ operator with polynomial coefficients that do not depend on the degree of the polynomials. 

^! , They were firstly considered by Krall in 1940 (see e.g. |131 chapter XV]) and further studied 

by several authors (for more details see [7] and references therein). For the case of the 
discrete lattice A. Duran has discovered very recently [101 fTT] a method for obtaining the 
orthogonal polynomials satisfying higher order differential and difference equations. 

In two recent papers [71[8] a general theory of the Krall-type polynomials on non- uniform 
lattices was developed. In fact, in [71 [8] the authors studied the polynomials Pn{s)q which 

KA . are orthogonal with respect to the linear functionals u = u + X^^^^ ^fc^xj. defined on the 

\-{ \ g-quadratic lattice x{s) = ciq'' + C2q~^ + c^- For these polynomials the following expression 



have been found [71 Eq. (13)] 

(1) Pn{s)q = Pn{s)q - J]] ^iP„(ai)qK„_i(s, Oi) 
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2 R. ALVAREZ-NODARSE AND R. SEVINIK ADIGUZEL 

provided that the sequence of monic polynomials {Pn)n exist. Here, {Pn)n are the polyno- 
mials orthogonal with respect to u, Aj € C and Kn{x, y) are the n-th reproducing kernels 
given by the Christoffel-Darboux formula 

^ , . _ V^ Pk{si)qPk{s2)q _ «n Pn+lisi)qPnis2)q - Pn+lis2)qPnisi)q 

Moreover, in [7], we have studied the modifications of the non-standard g-Racah polyno- 
mials defined on the lattice x{s) = [s]q[s + l]q [6l[ll], where [s]q denotes the symmetric 
Q'-numbers [s]q = [q^'"^ — q~^''^)/{q^''^ — q'^'"^)-, whereas in [5] we developed the theory for 
the Askey-Wilson-Krall polynomials. Here, in this paper we will consider the ^^standard" 
(or classical) g-Racah-Krall polynomials defined on the lattice x{s) = q~^ -\- 6q~^q^ in- 
troduced in [U] (see also |16[ page 422]). For doing that we will follow the general results 
obtained in [TJ section 2, 3]. 

The structure of the paper is as follows. In Section 2, the standard g-Racah-Krall 
polynomials are introduced and all their main characteristics are studied in detail. Finally 
in Section 3, some important limit cases are considered. 

2. Standard q-Racah-Krall polynomials 

In this section, we study the standard g-Racah-Krall polynomials, i.e., the polynomials 
obtained from the standard g-Racah polynomials Rn {s)q via the addition of two mass 
points. In the following we follow the notations introduced in [7]. 

2.1. Preliminaries. The standard q-Racah Rn {s)q := Rn{x{s),a, f3,'-f,6\q) are polyno- 
mials on the q-quadratic lattice x{s) = g~* -|- djq^^^ introduced in [9] (see also the more 
recent book \16\ page 422]). They are defined by the following basic series (for properties 
of basic series see \T2\) 



(2) Rn{xis),a,P,j,6\q) = (^^^„+i.^)^ 4V^3 [ ^^^^^^^^^ 

where x{s) = q^"^ + d^q'^^^, and aq = q~^ , f3Sq = q~^ , ^q = q~^ , N, a nonnegative 
integer. Their main data can be found in table [TJ Notice from ([2]) that we have 

DO,/3/n^ u f rn\ a x\ \ («g' /^^g' 79; g)n 

Rn{^)q ■■= Rn{x{0), a, /3, 7, 6\q) = /q,o n+l. N ' 

and Rn'^{N)g := i?„(x(iV), a, /3, 7, 6\q) 

R^ {N),-{P 7) («/3gn+l.^)„ ' iiP6q-q . 

We also need the following identity for the standard g-Racah polynomials which follows 
from [3 Eq. (7)] 

(3) K'fi{s)q = e{s, n)R^'^{s)q + Eis, n)RZ^^{s + 1)„ 
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Table 1 . Main data of the inonic q-Kacah polynomials 



Pn{s) 



_R„(z(s),a,/3,7,5|g), x{s) = q-" + &^q^+^ , Ax(s) = q-^{l - 57g2s+2)(g-i _ i) 



{a,b) 



[0,N] 



Pis) 



(a/3) " (a ^13 ^q ^,a ^"/Sq,l3 ^■yq,Sq;q)aa {6-yg,ag, l3Sq,^q;q)s 

(g-i/2_gi/2) (a-i^-i7,a-i5,/3-i,7<5g2;g)oc. {q,a-'L5'yq, l3-^'yq,5q;q)s 



a{s) 



52g-2iV(gl/2 _ g-l/2)2g-2s(gs _ ^-j^^s _ 5-l)(gS _ (S'y-'^)(q'' - aS-'^'y-'^) 



*(.) 



(gl/2 _ g-l/2)2^-2.(^ „ ag«+l)(l - ,35g= + l)(l - 'yq''+^){l - 5-yq''+^) 



r(s) 



(l_^,,.. + i) [(1 - aq- + ^){l ~ l3Sq'+^)il - -,q'+'){l - 5^g^+^) - i5^q)Hq= - 1) 

xiq" - 5-i)(g« - ^7"i){g= - aS-'^^y-'^)] 



^(ql/^ _ q-l/2)|(i „ a^g2n + 2)^(g + 2) + g-"/2 I (1 _ Q,gn + l)(l _ /3<5g" + l)(l - 75"+!) 

-(1 + 57g"+i)(l - al3q^"+^)\ } 



Tn(s) 



2(1 -(/")(1 -a/3(?"+i) 



rf^ 



(1 - a/3g)((57g)" (gg, /3(5g, 7g, g, ga/37 ^,ai5 ^q,l3q;q)n 
(1 -o/3g2"+i) (o/3g, o/3g"+i , a/3g"+i ; g)„ 



(1 - ag"+^)(l - a/3g"+^)(l - /3<5g"+^)(l - 7g"+^) 
(1 - a/3g2n+i)(i _ a/3q2n+2) 
g(l - g")(l - /3g'')(7 - a/3g")(5 - gg") 
(1 - a/3g2")(l - o/3g2"+i) 



/3„ 



1 + (57g - 



(1 - Qg")(l - Q/3g")(l - /3(5g")(l - 79") g(l - g")(l - /3g")(7 - a/3g")(5 - og") 



(1 - Q:/3g2"-l)(l - Q/3g2") 



(1 - Q:/3g2")(l - o/3g2"+l) 



J:n — ^n 



2(g-l/2_gl/2)(l_„^q2n+l) 



/3n(^) 



./2+l/2(gl/2 _ ,-l/2)^_^r^|(i _ „/3g2n+2)^(, + -) + g-„/2 [(, _ ^^„+l) 

x(l - /3(5g"+i)(l - 7g"+i) - (1 + (57g"+i)(l - a/3g2"+2)l | 



/9n(^) 



^„,(s) - g~^~"+ 2 (gl/2 ^ g-l/2)(l ^ gn-)(i „ Q./3gn+l)(i „ ^^g2s + l) 



where 



9(s,n) = -^{s,n) + 



(l-a/3g2"-i)(l~a/?g2") = 



(1 - ag")(l - a^g")(l - ;85g")(l - 7g")(l - g")(l - Pq^) 

„-, [W iJU 075 -"^ (l_afl„2n + l)(;i _Qfl„2n + 2) 



(7 - a/?g")((5 - ag") 



x(l-/?5g"+^)(l-7g"+^) + 



(l-a^g2"+i)(l 
+l^ , g(l-g")(l-/?g")(7-a/?q")(5-«g")l 



(l-a/?g2")(l-a/3q2"+i) 
(l-a/3g2"-^)(l-a/3g2")2 



(1 - ag")(l - Q/3g")(l - /35g")(l - 7g")(l - q")(l - /?g")(7 - Q^Sg") 

X (1 - /?5g"+^)(i - 79"+') - (1 + 57g"+')(i - «/3g'"+')] } - g"^(i - g") 

x(l-a/3g"+^)(l- 575^^+1) 



R. ALVAREZ-NODARSE AND R. SEVINIK ADIGUZEL 



q-'-^+^jl - Q/3g'"-^)(l - Q/3g'")'(l - Qg''+') 
'*' ^' ^ (1 - ag")(l - a^g")(l - /3<5g")(l - 7q")(l - q")(l - /?g" 
(l-/35g=+i)(l-q-^+^)(l-<57?^+i) 



(7 - a/?g")(5 - ag")(l - 57g2s+2) 



2.2. The case of two mass point. Let us now consider the modification of the stan- 
dard q-Hacah polynomials defined in ^. Let u be the functional with respect to which 
the standard g-Racah polynomials ^ are orthogonal. Then we study the orthogonal 
polynomials that are orthogonal with respect to the following linear functional u = u + 
A5{x{s) — x{0)) + B6{x{s) — x{N)). In other words, the q-Racah-Krall polynomials, 
Rn ' {s)q := Rn (x(s), a, /3, 7, (5|(7) satisfying the following orthogonality relation 

N 

Y, R:^^'^^''{s),R'^^'^^''{s),p{s)Ax{s - 1/2) + AR<^^^'^^^{0\R'^^'^^''{0), 
(4) t^o 

where p is the standard g-Racah weight function (see table [T] (as in [7j we have chosen p{s) 
to be a probability measure). From [T] Eqs. (31)-(32)] it follows that 



-°'/5 fAT /\r^^K>°^'/3('n^ _ rt<^°'/5 m at\t}'^'Pi 



(5) 



j^a^AB.^, (1 + BK:UN,N))RZ^^{0), - BK:UO,N)Rr{N), 



i?^'^'^'''(iV), 



-AKf,{N,0)R'^'^{0)g + (1 + AK^fi(0,0))K'^(iV), 



dl =dl 



where 



(6) 



<fi(0,iV) 

^ A{RZ^P{Q),f{l + BK'^,{N,N)} + B{Rf^^P{N),f{l + AKf,{Q,m 

<fi(0,iV) 
2AEi?g-/^(0),i?g-/^(JV),K^^i(0, N) 
<fi(0,iV) 

K':f{s, t) = 1 + AK^''(s, s) + BK'^^it, t) 

+ AB {k^/(., s)K-J{t, t) - (K^^(s, t)f], 



where Km (s,t) are the kernels Km (s,t) = X^fcLo-^fc (s)ij-Rfc (i)?/'^^, and d^ denotes 
the squared norm of the n-th standard (7-Racah polynomials (see tabled]). Notice that 
\tA,B > and a ^ b, Km {a,b) > 0. Thus, by the Proposition 1 in [7] the polynomials 



Rn ' (s)n are well defined for all values A, B > 0. 



Remark 1. If A,B are in general complex numbers then, according to Proposition 1 in [7]; 
in order that there exists a sequence of orthogonal polynomials {Rn ' (s)g) the condition 
'^n_i(0, A^) 7^ 0, where k"_^(0, A^) is defined in ^, should be hold for alln G N, A, i? € C. 
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Representation formulas for Rn ' {s)q. Let us now obtain some explicit formulas 
for the g-Racah-Krall polynomials. The first formula follows from [71 Eq. (29)] (see also 
([T|) from above) 



where 

(8) K'^is,0) = >.^'f^{s,n)R:'f,{s),+^/{s,n) ""^-^'^'^ 



>^o is,n) 



Vx(s) ' 
((57g)-"+i(l - a/3«")(l - 57'?''+")(a/3g,a/3g"+^'?)n-i 



(1 -a/3g)(l -(57g^+i)(g,a/37 '^q,a6 '^q,/3q;q)n-i 
(9) ^''{s,n) 



-a.Pi . q'~%6j)--+HaPq,a^q^+^;q)n-i{q' - l){q' - S-^) 

(1 - a/3g)(l - 57^25+2) 

(g, aP-f-^q, ad'^q, /3q; g)„_i ' 
and 

A E>°'/3 („\ 

(10) K'f,{s,N) = >.^/{s,n)R:^f,{s),+J<'^/{s,n)^^, 

a,p. , (7)-"+Hl - a/3'?")(l - 5'7^-"+^)(a/3g,Q/3(?"+i;g)„_i 



(1 _ a/3)(l - 6q^){p-^S-\--, aq, fiSq, q, a^-f-^q; q)n-i ' 



.a,p. „^ _ (7)-"+^g-^(l - aq'^+^)il - (35q^+^){l - jq'+'){l - 6jq^+^) 



(1 - a/3g)(l - 57g2.+2) 

(a/3g, a/3g"+^ 9)n-i 

(/3-i(^-ig-", ag, /3(5g, g, a/3-f-^q; q)n-i ' 
Inserting ([8]) and (jlOp into the formula ([7]) one finds the Isi representation formula 

K''''^'''(^), = Rn^^s), + A(.,nXfi(.), + B{s,n) ""^^ ^'^ 



, , Vx(s 

11 



+ C(s,n 



^, ,A<„i. 



Ax(s) 
with 

:4(s, n) = - ^K'^'^'^(0),Xo"'^(s, n) - i?K''''^'^(iV),x^''^(s, n), 

B{s, n)=- AK''5'^'^(0),x[;'''(s, n), C(s, n) = -BR^'^'^'^^iN^lf/is, n), 

where Rn ' (0)q and iZ" ' (A^)g are given in ([5]). Notice that i?" ' (s)q defined in 
([7]) is a polynomial of degree n in x{s). However, it is not easy to see that Rn ' (s)q is 
a polynomial of degree n in x{s) by the formula (|11|) since the functions A, B and C as 
well as V-R°_]^(s)g/Vx(s) and Ai?"_^(s)g/Ax(s) in ([TT]) are not, in general, polynomials 
in x(s). 

The 2 nd representation formula of the q'-Racah-Krall polynomials follows from [71 section 
3, (17)] and has the following form 

(12) cl>{s)R'^'^'^'''{s), = Ais,n)R'^'^{s), + B{s,n)R'^'f,{s)„ 
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cPis) = (1 - 57g^+ig^)(l - 67q'-'')iq-' - l){q~' - 9""^), 

"n-l ^ 

(13) + BR'^'^'^'^iN),R^'f,{NUl - 5jq^+'){q-^ - 1)}, 

B{s,n) = ^\AR'^'^'^'^{0),R'^'^{OUq-^ - g-^)(l - S^q'^+V) 

"n-l ^ 

+ BR'^'^'^'^{N),R<^'''{N)g{l - 6jq'+'){q-^ - 1)}, 

where Rn ' (0)q and i?n ' {N)q are given in ([5]). Note that the functions 0(s) and 
A(s,n) are polynomials of degree 2 in x(,s) and B(s,n) is 1st degree polynomial in x{s). 
Therefore it is obvious from the right hand side of the formula ()12p that cl){s)Rn ' {s)q 
is a polynomial of degree n + 2 in x{s). 

Another representation formula for the g-Racah-Krall polynomials may be obtained by 
putting the relation ^ into (|12p 

0(s)K'^'^'^(.s), = a{s; n)RZ'^{s), + h{s; n)RZ'^{s + 1)„ 

where a{s\ n) = A[s; n) + B[s] n)Q{s; n), b{s; n) = B{s; n)E{s; n), and A, B and B, H are 
given by (fT3]) and ([3]), respectively. 

We note that from Proposition 3 in [7] it follows that the polynomials Rn ' {s)q 
satisfy a second order linear difference equation where the coefficients can be computed 
explicitly. Since the expression is large enough we will omit them here. 

Finally, by use of [3 Eq (33), section 3] one can obtain the TTRR for R!^ ' {s)q 

with the following coefficients 



Pn =Pn-A 



"n-l "n 






In = In 






^ri-l 



where we use the notations defined in Eqs. ([5]). 

Representation of Rn ' {s)q in terms of basic series. Let us now introduce the 
representation of Rn ' (s)g in terms of the basic hypergeometric series. To this end, we 



substitute ^ into the formula (|12p which leads to 

/ Npa,/3,A,B^ \ _ («g; q)n-i WSq; q)n-i {-fq; q)n~i 

^ (g "',a(3q'',q ',6'yq'+^;q)k kj. , fcx 



j^.^Q {oLq,^bq,-iq,q\q)k 
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where (/'(s), A{s,n) and B{s,n) are given in ()13p and 
(15) 



n.to') = ^(.,n) '^ - "^""^ - 'IT'-',' 7 ^""'i' - °^''""> + B(.,„) (1 - "-""'' 



(1 - a/3g2n-l)(l _ a/3g2n) 



(1 - q--) 



where 



^/3i 



yl(s,n)C^'^'^ + 5(s,n) 



.a,p,sn ^ (l-«g'^)(l-/3Jg")(l-7g")(l-g-") 
(l-a/3g2n"i)(l-a/3g2n) 

Moreover, by use of the identity {q'' — q^){q~^;q)k = (1 — Q^){Q^~^',Q)k we arrive at the 
following representation 

(16) cPis)R'^J'^'''is),=D"J'^^{s),ip, 

where 



g-",a/3g'",g-^57g"+^gl-''l 



aq,poq,'yq 



j^a,p,i3i, ^ _ (gg; g)n-i(/3<5g; g)n-i(7g; g)n-i ^-, /j^^ 
J-'n \Sj — - -— - 7 yi q ) 

[al3q^;q)n-i 

X Y3^r{^(s, n)apq^K'^^''^' + B{s, n)q-'-}. 

Remark 2. Notice that (j){s)Rn ' {s)q in I116\) is a polynomial of degree n + 2 in x{s). 
To see that formula i fJ6]] gives a polynomial of degree n + 2 it is sufficient to notice that the 
function Hi defined in / [J5|) is a polynomial of degree 2 in x{s) since A{s,n) and B{s,n) 
defined in il3\) are polynomials of degree 2 and 1 in x{s), respectively. 

Finally let us mention that the direct substitution of ^ into (J12p leads to the following 
representation formula 

aq, /36q, -/q 

q-"+^,aPq'',q-',6-fq'+^ 
aq, /36q, -fq 

where 

,,/3,5,7 ^ iaq,l36q,-/q;q)n 

{aPq^;q)n 



{s)K^P'^^^{s\ = A{s,nWj'''\^, 
+ B{s,n)A''Jf'\^s 



q, q 



q, q 






2.3. The case of one mass point. In this section we introduce the standard g-Racah 
polynomials but with one mass point at the value s = 0. All the formulas follow by 
replacing B = into the ones in section [2^21 For example the first representation formula 
of Rn {s)q is produced by inserting B = into ([TT]) . 



?a,/3 



a,^ 



,o,/3 



K'^'^(.), = K'^(s)9 + Ais,n)R'^f,is)q + Bis,n) 



15^ .^K'Ms) 



Vx(s) 



where 



?a,/3,^/'n^ ,^°'/5 



o^,PA(rW ■T^Oi,/3, 



A{s,n) = -ARZ'^'''{0)g><^''{s,n), B{s,n) = -Ai?r'^(0),x;^''^(s,n), 
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and 

'"* "" <"*'-l+AK:f,(0,0) 

in which Xq (s,n) and Xq (s,n) are defined in ([9|), respectively. Moreover, the second 
representation formula follows by evaluating (|12p for B = 

cl^{s)K'^'%), = Ais- n)K^P{s), + B{.s- n)R'^f,{s)„ 

where (/)(s) = (g"" - 1)(1 - d-fq'+^), 

(18) ^(s,n) = ^{s) - J-R-'^'^{0)^R-f^{0)„ B{s,n) = J-R-J^^{Q)^R-J{Q)^^ 

and Rn (0)g is given in (J17p . Finally, the third representation formula follows by use of 
the same idea 

(19) cj){s)R'^'^'\s), = a{s; n)RZ'^{s\ + 6(s; n)RZ'^{s + 1)„ 

where a(s;n) = A{s]n) + B{s;n)Q{s;n) and b{s;n) = B{s;n)E{s;n), and ^, S and 0, 
H are given by (jlSp and ([3]), respectively. Notice that, as for two mass points case, from 
the above representation formula (fT9]) the second order difference equation for Rn {s)q 
follows [HE]. 

Furthermore, one can obtain the coefficients of the TTRR by replacing B = into ([1] 
as the following 

'K'^'^(o),<fi(o), <;V(o),K'^(o),\ 



/3n = /5n - ^ 



7n =7» 



r/2 (72 



1 + A^'^'^ ^,,,_AK''^'^(0),i?^'^(0), 



1 + A-L^i- 



a,l3,A ' n ^2 



n 



Notice that putting i? = in the basic series representation formulas p6p we obtain the 



corresponding basic series representations for the q-Racah-Krall polynomials Rn {s)q- 



2.4. Some limit cases. We first consider the modification of standard dual g'-Hahn poly- 
nomials defined on the lattice x(s) = g"** + 'y5q^~^^ by 



— 71 — S iT S~|~l 

Rn{x{s)n,S,N\q) = {q-'',^q;q)n3^2{ ^ 'V^*^ 



-TV 

9 ,79 



?;? 



that are related with the gr-Racah polynomials by the expression 
(20) ^mR^'^is)g = Rnis),. 

In order to obtain the modification of standard dual g-Hahn polynomials by adding 
two mass points at the end of the interval of orthogonality, i.e., Rn' {s)q satisfying the 
orthogonality relation 

N 

^R^'''{s)qR^''{s)qpis)Ax{s - 1/2) + AR^'^{0)qR^^{0)q 



(21) 



s=0 



BR^^''iN)qR^^''{N)g = 6n,mdi. 
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where 

^^'' (-7)^(1 - l6q){q-y^ - gV2) (^^i q)N (q, Sjq^+^6q; q). 
Using the same procedure as before it fohows that 

,A,Btr^^ - (l + SK„_i(iV,iV))i?„(0), -BK„_i(0,7V)it:„(7V), 



^"' (^)« ^ ^ en AT\ 

K„_i(L), A*) 



A.Bf^n _ -AK„_i(Ar,0)i?„(0), + (l+AK„_i(0,0))i?„(iV), 






K„_i(0,iV) 
A(i?„(0),)2{l + BK„_i(Ar,Ar)} + B(i?„(iV)g)2{l+AK„_i(0,0)} 



K„-i(0,iV) 
2ABRn{0)gRn{N)qKn-i{0,N) 



K„_l(0,iV) 

In the above formulas 



K„(s, t) = 1 + AK^(s, s) + BKmit, t) + ^S {K„(s, s)K„,(i, t) - (K„,(s, t)f} , 

Km(s, t) = X^fcLo Rn{s)qRn{t)q/d\-, and d^ denote r7i-th Kernel and the norm of the stan- 
dard dual g-Hahn polynomials 

dl = {l5qr{q,5'\-'' ,^q,q-''-q)n. 

If we now fix aq = q" in the orthogonality relation for the standard g-Racah polyno- 
mials dH) and take the limit /3 — ?> 0, then using ()20p we obtain the orthogonality relation 
(I2ip . and therefore, it is straightforward to see that 



\h^^K'P^^'^{s\ = Ri^^{s\. 

Thus, all properties of the modified dual g-Hahn polynomials Rn is)q can be obtained 
from the corresponding properties of the modified g-Racah polynomials Rn ' (s)g by 
taking the appropriate limit. 

To conclude this paper we discuss two other important limit cases of the g-Racah-Krall 
polynomials Rn ' {s)q. 

The first one is when we take the limit g — )• 1. In fact, as g ^- 1 in ([2]) we recover the 
Racah polynomials in the quadratic lattice x{s) = s{s + 7 + (5 + 1) [TB], i.e.. 



where 



\imRniq-' + Sjq'+\q^,q'',q\q% = Rn{s{s + j + 5+l),a,(3,j,6), 

q^l 



?a,/3/.^_(« + l)™(/3 + '^+l)n(7 + l)n 



Rn'^is) 



(a + /3 + n + l)„ 

—n, a + /? + n + 1, —s, s + 7 + (5 + 1 
"^"^^ a + 1,/3 + 5 + 1,7 + 1 



Straightforward calculations show that all the properties of the standard g-Racah polyno- 
mials Rn {s)q becomes into the properties of the standard Racah ones. In particular, we 
have the following limit relation 

hm K'^'^'«((7"^ + 5^q'+% = K'^'^'^(s(s + <5 + 7 + 1)), 

where Rn ' {s{s + 5 + 7 + 1)) denotes the modification of the Racah polynomials by 
adding two delta Dirac masses at the points and N. Thus, taking appropriate limits one 
can construct the analogue of the Askey Tableau but for the Krall type polynomials. 
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Another important family of Krall-type polynomials are the so called g-Hahn-Krall 
tableau of orthogonal polynomials considered in [SIE] • In order to obtain it first of all notice 
that the standard g-Racah polynomials are defined on the lattice x{s) = ciq^ + C2q~^ + C3 
where ci = ^6q, C2 = 1 and C3 = 0. Then, making the transformation q x[s) = Ci/u(s), 
a = z/, /3 = //, 7g — >■ q~^ and 5 ^- (? in ([2|) and then taking the limit (7 — )• by use of 
the identity [2] 

fc— 1 



we obtain 



.=0 - ^1 



q^^O 



(22) CnRnix{s),a,(3,^,6\q) '^ K^''{tx{s)-N\q), 

where hn'^ {ii{s)] N\q) are the g-Hahn polynomials on the lattice /i(,s) = q 

{i yq;q)n{q~^;q)n f q-'^,fii^q"-+^,fi{s) 



/^r (M^); N\q) := v-^w»w ,.^n ^^^ 



Q, Q , 



and Cn '■= 1- Then we get the g-Hahn-Krall polynomials by use of the above limit relation 
and the property that 

(23) CnK^iO) '^' K^-'if^iO); N\q) CnK^iN) '-^' /i^ (a^(A^); A^k), 

and 



r^ ^2 9*^0 -.2 , ^„, (-)-7V„(g,M,l^Q,Q ,/^l^5 + ;g)n 

(-^kdk — ^ flfc = [-J^q) q^^' /..,.o „N — /. ..„„-n.„^ — • 



(/xz^g2.g)2„(^i/g'^+i;g)„ 



-:2 



where dk and df, denote the norms for the standard g-Racah and the g-Hahn polynomials, 
respectively. The following limit relation for the kernels of the standard g-Racah and 
g-Hahn polynomials are introduced by applying the aforesaid transformation 

„,^. X . V" CkRt''^{si)gCkRt''^{s2)g g^O 
K„'^(Sl,S2) •=2^ p^232 ^ 

24 "-" 

^ /.r(^(^i);A^|g)/^r(^(^2);iV|g) ^^,,._ _. 

fc=0 "fc 

Therefore, as a result of the limit relations defined by (|22p. ()23p . and ()24p and the formula 
by (0), we obtain that 

Inn C„K'^'^'''(^). = h^n'''^'^{f^{sy,N\q) := K'^'^'^is),, 

where C„ = 1. In other words, we obtain the g-Hahn-Krall polynomials on the lattice 
/i(s) = q~^ which satisfy the orthogonality relation 

N 

Y, h^n'''^'''{s\h^J'^'^{s),p{s)Ax{s - 1) + ^/i^'^'^'^(0),/ir'^'''(0), 

s=0 

+ i?/i^'-'^'^(iv),/i^-'^'^(iv), = <^^J, fi{s) = g-^ 

where p is the weight function of the g-Hahn polynomials [161 page 445] . 
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